Optimal electron entangler and single electron source at low temperatures 
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Electron transport in mesoscopic contacts at low temperatures is accompanied by logarithmically 
divergent equilibrium noise. We show that this equilibrium noise can be dramatically suppressed 
in the case of a tunnel junction with modulated (time-dependent) transparency, and identify the 
optimal protocol. We show how such a contact could be used either as an optimal electron entangler 
or as a single-electron source with suppressed equilibrium noise at low temperatures. 



The controlled production, manipulation and detection 
of entangled particles are central to quantum computa- 
tion. Considerable progress has been made on the ma- 
nipulation of several qubits in quantum optics Given 
the controllability of device parameters and the rapid and 
coherent transport through mesoscopic contacts, one ex- 
pects that electrons could also be used to process quan- 
tum information . Although the entanglement of elec- 
tron quasiparticles has not been demonstrated experi- 
mentally, important steps towards the detection of en- 
tangled states in mesoscopic systems have been taken 0| 
and there are many theoretical proposals on how to gen- 
erate, manipulate and detect the entangled electrons in 
mesoscopic systems @, 0, H, 0, & EJ Hfl] . 

Another breakthrough in 'electronic optics' is the ex- 
perimental demonstration of a single-electron source on 



demand with sub-nanosecond time resolution Feve 
et. al. used the coupling of the localized level of a quan- 
tum dot to a ballistic conductor to obtain a sequence of 
single-electron pulses 

To manipulate entangled electrons in mesoscopic sys- 
tems requires low electron temperatures, T [12]. How- 
ever, when Ttf <C 1 (tf is the measurement time), the 
problem of equilibrium noise associated with the open- 
ing and closing of channels arises [l3| . If the connection- 
disconnection process is abrupt, this leads to a logarith- 
mically divergent (so-called) equilibrium noise ((Q 2 )) oc 
1oe£//t s , where r s is the characteristic switching time 
(see also 0). 

Here, we show how the appropriate choice of the time- 
dependence of the barrier transparency in a tunnel junc- 
tion can dramatically reduce the equilibrium noise. We 
suggest how such point contacts could be used as sources 
for entangled quasiparticles and ultracold single elec- 
trons. Firstly, we describe a source of entangled parti- 
cles, based on two one-dimensional wires coupled by a 
tunnel junction with tunable transmission and reflection 
amplitudes A and B, which attains the theoretical max- 
imum entanglement of 50% Q. We show that tuning 
the transparency amplitude to take the time-dependent 

form A = ImfXf tt-+»^ fa > °> or T i < V -?) leads t0 
the excitation of N independent spin-entangled particle- 
hole pairs, with finite -independent noise. In the special 
case N = 1, the particle and hole are distributed indepen- 
dently between two leads with probability 1/2 to find the 



particle (or the hole) in either lead. Our proposed scheme 
is similar to the one based on the quantum pump but 
with no logarithmically divergent equilibrium noise. 

Secondly, we propose a single-electron source, based 
on a biased quantum point contact with tunable trans- 
parency. It has been shown 15, 03], that a Lorentzian 
voltage pulse V(t) applied between the leads of a quan- 
tum point contact excites a single electron (or hole) , pro- 
vided the Faraday flux, ip = e/hf V(t')dt', is an inte- 
ger multiple of 2n. Even at low temperatures the trans- 
port of a single electron is again accompanied by the 
logarithmically divergent equilibrium noise, which makes 
detection of the excitation difficult. We show that the 
equilibrium noise in the scheme proposed in [lH can 
be suppressed by tuning the barrier transparency to be 
A = Im g+^^jgl^^j . If a quantized Lorentzian 
pulse is applied between the leads when the barrier is 
open, the tunnel junction will operate as a very low noise 
single-electron source. 

The noise in the charge transferred across a point 
contact and the degree of entanglement of states on 
either side of the contact can be controlled by the 
time-dependence of the barrier transparency. The noise 
in the charge transferred across the barrier will be 
given by ((Q 2 )) = / dtdt'[2A{t) 2 A{t') 2 n L (l - n R ) + 
A(t)B(t)A(t')B(t')(n L (l-n R ) + (l-n L )n R )], where A(t) 
and B(t) are the (time-dependent) transmission and re- 
flection amplitudes of the barrier, n^j^ is the de nsity 
matrix of incoming states in the left (right) lead [1 71 ] - 
With no bias voltage, ul,r = no = i/[2ir(t — t' + iO)]. If 
the transparency amplitude A switches abruptly, A ^ 
for t € [0,tf] and A = otherwise, one obtains the well- 
known logarithmically divergent result for the zero bias 
(V = 0) noise ((Q 2 )) = ^logt f /r s . This logarithmic 
divergence is an unavoidable consequence of the abrupt 
start and finish to the measurement and simply reflects 
the density fluctuations of fermions in ID crossing any 
point during a time-interval [0, tf]. If, instead, we choose 
A = Im|^, we obtain ((Q 2 )) = 1/2. As we show 
below, this result could be used together with the spin 
degree of freedom of electrons to define an optimum en- 
tanglement protocol. 

By combining a smooth opening of the contact and 
the application of a voltage bias between the leads, 
we show that it is possible to operate the contact as 



a single electron source with high signal-to-noise ratio. 
We propose tuning the barrier height so that A(t) = 

^ ii^^iiii^Kj . with n = *i(i/2 + VV2), 

which ensures that the transparency amplitude goes 
through a single maximum at t = with A(0) = 1. 
If a quantized bias voltage pulse is applied between the 
leads, n L = n , n R = e^noe"^ with = fEfgjf^ , 
which is narrow in time (tq <C t\), we should expect 
((Q 2 » « «0 2 »„ + l^o)| 2 (l - \A(t )\ 2 ). The first term 
describes the zero bias noise associated with the opening 
of the contact and the second gives the shot noise for an 
open contact [ljj. For to = the second term can be 
made to vanish so that for this choice of t\ jt\ , we should 
expect that ((Q 2 )) « «Q 2 )) « 1/4. 

The statistics of the transferred charge are encoded in 
the characteristic function, %(A) flil ]: 



(a) 



X(A)= £ 



(1) 



Here P„ is the probability of n particles being transmit- 
ted across a barrier. A variety of approaches have been 
used to study y(A), with the maj ority focused on voltage- 
biased contacts [ll, [H, H III HJ HI HI • We find a 
mapping between the problem of the biased leads and 
that of the time-dependent barrier transmission. Our 
formulation of the problem enables us to solve for x(A) 
analytically in an unbiased contact and to compute nu- 
merically the characteristic function for a time-dependent 
transmission amplitude in the presence of bias voltages. 

The system we consider is a 2-terminal mesoscopic con- 
tact at zero temperature, which consists of two single- 
channel leads and a barrier characterised by transmission 
and reflection amplitudes, A and B. The annihilation 
operators of the incoming states au R ) are related to the 
outgoing states &l(_r) at the left (right) lead via: 



b L 
b R 
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with S = 
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-A* 



A 
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(2) 



where the scattering matrix S varies slowly compared to 
the Wigner delay time. We will take A and B to be 
real. Then, in the (time-independent) basis in which 
the scattering matrix is diagonal, the incoming states 
«i = ^75 (ol - iait) and a 2 = (a L + ia R ). In this 

basis Six = e**W, S 22 = e-**®, S12 = S 21 = 0, 
where e 1 ^' = B(t) + iA(t), and the outgoing states are 

bL = 75 (" ie# + 52e_# ) and bR = 75 ~ ~ a ^) ■ 

The relation between the channels 1 and 2 and those 

of the two leads L and R is the electronic equivalent of 
a beam splitter. This is illustrated in FigQJi for the case 
of single excitations in channels 1 and 2 . The time- 
dependence of the barrier excites a particle-hole pair in 
channel 1 with probability sin 2 ^ and another in channel 
2 with probability sin 2 For the unbiased case, reflec- 
tion and transmission of particles in channels 1 and 2 
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Figure 1: (color online) Charge transport through an unbiased 
contact with time-dependent scattering matrix, (a) Particle- 
hole excitations induced in channels 1 and 2 (in which the 
scattering matrix is diagonal) can be thought of as propagat- 
ing through a 50% beam-splitter to yield the charge in the 
left (IS) and right leads (R) of the contact, (b) Outcomes of 
applying the pulse ((S} to the barrier of the tunnel junction. A 
hole (white) and an electron (black) occupies states in both 
leads with probability 1/2. 



occur independently. The probability of finding no addi- 
tional charge in the right lead as a result of the excitation 
in channel j is then Po = cos 2 ^ + 5 sin 2 ^j- , while the 
probability of finding an additional particle or hole are: 
P±i = j sin 2 The characteristic function %(A) is the 
product of the results from the two independent channels: 



= n 1 + 1 sin2 t ( eix + e ~ iA - 2 > 



(3) 



The angles ay can be found by diagonalizing the matrix 
hih 2 [IIH1: 



hih 2 = e^he-^e-^he^, 



(4) 



where h = 2hq — 1 is related to the density matrix, no, 
of the ground state. The eigenvalues of h\h 2 are paired 
and equal to e la , e~ 



21 



23l | . In the case of a voltage- 
biased contact, there can also be unpaired eigenvalues, 
corresponding to so-called unidirectional events, in which 
a single particle or hole is excited. 

Eq.([3]) formally coincides with the one obtained 
for xW f° r bidirectional events in a quantum con- 
tact. For a (zero-mean) time-dependent bias, V(t), 
between the leads and a barrier which is de- 
scribed by a time-independent scattering matrix [2l| : 



' 2 |B| 2 sin 2 a 



-2)). Set- 
In the case 



X(A) = 1X-(1 + I^I 2 

ting \A\ 2 = \B\ 2 = |, gives the result Q. 
of the biased contact the angles ctj are found by diag- 
onalizing e^he-^h, where ip = e/h fv{t')dt' is 
the Faraday flux. Direct comparison with Eq.((4]) shows 
that the problem of the unbiased quantum contact with 
time-dependent scatterer is equivalent to the problem of 
a voltage biased quantum contact with time-independent 
scatterer if: V -> 24>, \A\ 2 -> 1/2, \B\ 2 -> 1/2. 

As an illustration of the power of this mapping, we con- 
sider the case of a periodically modulated transparency 
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A = sin(uit), B = cos(wi). The mapping means that this 
problem is equivalent to that of a contact under constant 
bias. The characteristic function for this case is known 

to be x(A) = [xo(-^)]~ 5 ' r [Hj], where xo describes a single 
period, and tj is the measurement time. The eigenval- 



ues of the matrix he 



-2iut ! 



for a single period are 



paired and equal to —1. Using this to compute xW f° r a 
barrier with periodically modulated transparency gives: 
x(A) = [(1 +cosA)/2] 1 " t//2x which is a result previously 
obtained by Andreev and Kamenev [24 1. 

The problem of voltage-biased quantum point contacts 
with constant transparency amplitude A , where a volt- 
age V(t) is applied to one of the leads of a tunnel junc- 



21, m 



tion has been extensively studied [131 . Il5l . [If 
Particular attention has been paid to the case of quan- 
tized Lorentzian voltage pulses applied to one electrode 



v{t) = E ■ 



JV 



=«/>(*) 



(tj > or Tj < V j) when 



TT t ~ t J ~ lT 3 

-\ t-tj+iTj 
3 = 1 J J 



(5) 



If 



-j > or Tj < the pulse excites exactly N particles 



1( 



or holes depending on the polarity of the device [15j, 

Some of the results obtained for the problem of the bi- 
ased point-contact, when mapped to the time-dependent 
barrier case, help with the design of an optimum entan- 
gler of particle states and the design of low noise sources 
of cold electrons and holes. From ((5]), we can see the 
special status of events in which the barrier is modulated 
according to 



B + iA 



t + IT 



t-h 



t — tl + IT 



(O 



(In the case t\ = 0, Eq.© describes a single pulse of 
the type ©.) The characteristic function, x(ty> is found 
from the eigenvalues of h\h,2 (see Eq.Q), which are the 
same as those of he 2% ^h,e~ 2% ^ . In the language of the bi- 
ased lead case, these are just two so-called uni-directional 
events and both eigenvalues are equal to -1, so a.\$ = 7r 
[H- From © we then obtain x(A) = (1+ ^ osA) . The four 
possible outcomes of applying the pulse ((6|) to the barrier 
are illustrated in FigQJ) and all occur with probability 
1/4. 

The particle and the hole in FigQJ) are entangled. 
However, this entanglement cannot be revealed by mea- 
surements because of particle number conservation 
In order to create "useful" entangled states, which can be 
measured with the Bell procedure, we should consider en- 
tanglement in, for example, the spin degree of freedom of 
the particles. Taking account of spin, each lead has two 
channels: one for each spin projection. If we suppose that 
the scattering matrix for the barrier is spin-independent 
(so that the two channels in each lead are independent), 



J] n P n 5 ni where P n is the probabil- 
{^ab\^ab) I ab\^ ab) and S n is the stan- 



There are now 16 outcomes which occur with equal prob- 
abilities. The fully entangled Bell pair is created only if 
the change in charge in one of the leads is +1 and — 1 
in the other, and occurs with probability 1/2. The mea- 
surement procedure requires measurement of the charge 
in one of the leads first, and then of the spin state of the 
particle or hole. 

To calculate the available entanglement entropy, one 
should use the super-selection rules, which account for 
particle number conservation [13] (see also 26|, 2t|). Let 
a quantum state, with N particles distributed between 
Alice and Bob (left and right leads), be described by a 
wavefunction I^ab) and let l^^g) be the wavefunction 
projected onto a subspace of fixed local particle num- 
ber n for Alice and N — n for Bob. The available en- 
tropy is: S av i 
ity P n 

dard entanglement entropy corresponding to the config- 
uration n. The probability to find a particle in the left 
lead and a hole in the right lead or vice versa is 1/4. 
The entanglement entropy of the configurations contain- 
ing a fully entangled Bell pair is S n = 1. Thus we find 
Savi = 1/2. This corresponds to an entangler with 50% 
efficiency, which is the optimal value. The entangler pro- 
posed originally in 0] has the same efficiency but still 
contains the equilibrium noise, which in our proposal is 
suppressed. Finally we note that for the case of N pulses 

applied to the barrier e*+ = l\f \j ^i-t'+Tr]) ( S^+lr- 

> or Tj < V j) we find x(A) = (^tf^)^, i.e. the 
particle-hole pairs are produced independently. 

Now we turn our attention to the ultracold single- 
electron source. We consider a tunnel junction with 
tunable transparency, which connects two single-channel 
wires. A single quantized voltage pulse, with e 1 ^ = 
t-tl+iro ' ls a ppli ed to one of the leads, and a single parti- 
cle is excited [15(. If the barrier transparency is turned on 
abruptly, the logarithmically divergent equilibrium noise 
emerges and makes measurement of a single unidirec- 
tional event problematic. To suppress the equilibrium 
noise, we propose modulating the barrier smoothly, by 
applying a pulse sequence to the barrier with: 



= B + iA = 



t + ti/2-iri\ ft-h/2 + in 



t + h/2 + in J \t- ti/2 - in 



(7) 



We choose n = £i(| + This choice gives a trans- 

parency amplitude, which does not change sign and goes 
through a single maximum at t = 0, with |^4(0)| 2 = 1, as 
shown in Fig|5K 

The characteristic function in the general case of quan- 
tum pumping can be expressed in terms of the eigenval- 
ues of the single-particle density matrix of outgoing states 
in, say, the left lead n out = (b^bi,) = B*n B + A*hA. 
Here n = e^noe -8 ^. Consider first the case of a single- 



and a pulse (J6j) is applied, we have x(^) = [^(l+cos A)] 2 . particle excitation in the outgoing states. The eigenval- 
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Figure 2: (color online) Single unidirectional event in a quan- 
tum contact with tunable transparency, (a) Transparency 
of the barrier, ^(t)! 2 , as a function of time (seeEJ- Also 
shown is the quantized voltage pulse, V(t), applied to the left 
lead; (b) Average charge transfer through the barrier, (Q) , as 
a function of foAi, where t is the separation between the 
maxima of V(t) and |yl(t)| 2 , see Fig. EJa). The maximum of 
(Q) occurs when to = where \A\ 2 approaches 1, it grows as 
the width of the voltage pulse, To, is reduced, and is close to 
1 for ro = ti/16. (c) Noise, ((Q 2 )}, in a biased contact with 
transparency given by (0) as a function of to/n. The min- 
imum of ((Q 2 )} occurs for to = and, for a narrow voltage 
pulse (ro = Ti/16), it approaches the limit set by the barrier 
modulation: ((Q 2 )} (horizontal dashed line). The maxima 
in the noise occur when to/ri ~ 1 and \A\ 2 w 1/2. 



ues of the density matrix in the left lead are 1 (for the 
states below the Fermi level) , (for the states above the 
Fermi level not occupied by the excitation) and rij for 
the state affected by the excitation. The characteris- 
tic function ([1]) is then XpW = 1 — n j + e lX rij. For 
a single hole in the outgoing states we find Xh(A) = 
rij + e~ ?A (l — rij). These two formulae can be combined 
to give x(A) = e 8(Ql -" 3)A (l - rij + e lX rij). (The trans- 
ferred charge Qi = rij for the particle excitation and 
Qi = n j — 1 for the hole excitation.) In the general case 
the density matrix is Hermitian and thus possesses an 
orthonormal eigenbasis, and we arrive at the formula of 

[H]: xW = e iXQ Uj e " lA " J [! + ( e ' A - l ) n j\ where Q is 
the total transferred charge. 

For the case of the pulse ([7]) applied to the barrier to- 
gether with the bias pulse e 1 ^ = applied to the 
left lead, we have diagonalized the density matrix n out 
numerically. In FigfSfc we present results for the noise 
((Q 2 )) in the system as a function of the separation to 
between the bias pulse and the barrier pulses. The max- 
imum values of the noise occurs when to m t\ and the 
transparency coefficient is almost 1/2. This is the regime 
where the barrier is acting as a 50% beam-splitter. The 
minimum of ((Q 2 )) corresponds to to = 0, when \A\ 2 = 1. 
At to = the transferred charge also reaches its maxi- 
mum (see FigfSJj) ■ If the bias pulse is narrow compared 
to the barrier pulse (to <§C ti), the major contribution 
to the noise at the minimum is very close to the value 



expected on the basis of our earlier heuristic argument, 
namely ((Q 2 )) and the transferred charge approaches 
1. This is the regime which we are proposing could be 
used as a single-electron source on demand at ultralow 
temperatures. 
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